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A solution is obtained to the nons ta t ionary  ax i symmet r i c  problem of the t empera tu re  changes in a liquid 
which is injected into the borehole  through a central  (drill  or delivery) pipe lowered to the bottom of the 
bore  and expelled to the sur face  through the annular  c learance  about the pipe [1, 2]. 

The borehole ,  of constant  depth L, is dr i l led  in a soil with a na tura l  steady t e mpe r a t u r e  d i s t r ibu t ion  and, 
p r io r  to inject ion,  is fi l led with a liquid whose t empera tu re  va r ies  in propor t ion  to the geothermal  
gradient .  The liquid is pumped into the centra l  tube at a constant ra te  Q at a known t i m e - v a r i a b l e  
t empera tu re .  Two example cases  are  examined. In the f i r s t ,  the liquid en te rs  the pipe at a constant 
t empera tu re .  In the second case,  the t emp e r a t u r e  of the liquid injected through the cen t ra l  pipe is 
var iab le  and equal to that of the l iquid expelled through the annular  c learance  (c losed-cycle  
circulat ion).  

Both p rob lems  a re  of in te res t  in dr i l l ing  technology and in the  evaluat ion of t he rma l  effects on the oil bed. 

1. We d i rec t  the Oz-axis  of a cy l indr ica l  coordinate  sys tem with or igin at ground level  along the axis of the 
cen t ra l  pipe. 

The heat flux equation of the l iquid moving in the centra l  pipe and in the annular  c learance  about it has the fo rm 

for t ~ O , O ~ z ~ L , O ' ~ r ~ R  1 

OT, OT1 k 
~R~ ~ ~ + ~R,~l-~'Zz -~ ~ 2~R1 (T~ -- TI) ; 

(1.1) 
for  t > O , O < z < L , R ~ < r < R  

n~(R~ -- i%9 ~ -- ~ (~ -- 
k 

~1" 2") u . ~ - ~  z = - ~ p  2~R1 (T, --T2) + q~. 

Here T~ and T 2 a re  the core t e m p e r a t u r e s  of the fluid flowing in the centra l  and annular  pipes,  respec t ive ly  (it is  
assumed that the t e m p e r a t u r e  in the c ross  sect ion of each tube va r i e s  ins igni f icant ly  with respec t  to these quanti t ies  
and that the l a t t e r  define the t e m p e r a t u r e  of the liquid over the ent i re  cross  section); w 1 and w 2 are  the mean  flow 
ra tes  of the liquid in the centra l  and annula r  pipes,  respec t ive ly  (their values are  equal to the flow ra te  divided by the 
cor responding  area);  qw is the heat flow to the inner  surface of the borehole;  Rj and R are  the radi i  of the cent ra l  pipe 
and the borehole ,  respect ively;  p and c a re  the densi ty  and heat capacity of the fluid; and k is the coefficient of heat 
t r a n s f e r  between the l iquid in the centra l  pipe and the liquid in the annular  c learance.  
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Fig. 1 

The heat t r a n s f e r  coefficient depends on the flow ra te ,  the thermophys ica l  p roper t i e s  of the l iquid,  and 
geomet ry  of the flow a rea ,  and is calculated f rom the known formula  in heat t r a n s f e r  theory. 
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It can readi ly  be seen that Eq. (1.1) does not contain t e r ms  which account for changes in the heat flow owing to 
the heat conduction along the axis and to the heat r e l eased  in the fluid due to viscous fr ict ion.  These  t e r m s  are  
negligible in the f i r s t  approximat ion as compared to the other t e r ms  in the equation. 

F u r t h e r m o r e ,  it is assumed that the heat flows to the outer and inner  sur faces  of the cen t ra l  pipe are 
propor t ional  to the t e m p e r a t u r e  di f ference of the flow cores  in the centra l  and annular  pipes. 
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Fig. 2 

The las t  equation of sys tem (1.1) contains the value of the heat flow f rom the liquid to the inner  sur face  of the 
heat flow f rom the liquid to the inner  sur face  of the borehole.  This value can be calculated by neglect ing the heat 
t r a n s f e r  in the ma te r i a l  of the borehole  and by equating the heat flows and t e m p e r a t u r e s  of the l iquid and the soil  at 
its sur face ,  

( OT, ~ ~, (1.2) qw = 2~Ru~, \ ~ j r = R '  T2----- (T3)r= R , X ~ ~.I " 

Here k is the rat io of the t he rma l  conductivi t ies  of the soil and liquid; T 3 is the t e mpe r a t u r e  of the soil ,  and n is 
the t he rma l  diffusivity of the liquid. 
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For  p rac t i ca l ly  impor tan t  t ime  in te rva l s  the soil is heated along the radius  over a length that is much s m a l l e r  
than that of the borehole ,  the t e m p e r a t u r e  gradients  along the radius  and along the length of the borehole  being 
roughly equal. Because of th is ,  the t e r m  a2T/az2 in the heat flux equation may be neglected in compar i son  with the 
other t e r m s  [2]. The heat flux equation for soil has the following fo rm:  

OT~ i 0 f OT~ ~ 

T~=Ts_ (t, z, r), (1.3) 

where ~r is the t he rma l  diffusivity of the soil. 

For  the case in which the liquid en te r s  the cent ra l  pipe at a known var i ab le  t e m p e r a t u r e ,  the in i t ia l  and 
boundary conditions may be wr i t t en  in the form 

TI = To (t) (t :> O, z = '0), (1.4) 
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T~= T~ ( t :>0,  z =  L), 
Ta .-+ T. -}- rz ( t > 0 ,  r-->oo), 

w h e r e  T .  is  t h e  t e m p e r a t u r e  of t h e  n e u t r a l  l a y e r ;  F i s  t he  g e o t h e r m a l  g r a d i e n t ;  and  T0(t) i s  t h e  t e m p e r a t u r e  of t h e  
i n j e c t e d  l iqu id .  

We i n t r o d u c e  t h e  d i m e n s i o n l e s s  v a r i a b l e s  

T -  T,  z r w~ 
~ - - ~ '  ~=T ,  ~=W, ~ = i  - t  

With  t h e s e  v a r i a b l e s ' ,  Eqs .  (1.1) and  (1.3) and  t he  l i m i t i n g  c o n d i t i o n s  (1.4) h a v e  t he  f o r m  

f o r  ~ > o ,  o < ~ < t ,  o < , l < / % / R  
0(% Oo] ( kL2~BI 
o-V+-~-=~(~2-~,) ~ =  ~ ), 

f o r  ~>o ,  o < ~ < t ,  R ~ / R < ' t l < l  

w~ o~ -- ~ ---- a ((% -- ~%) + kb 0r ~=~ 

f o r t > o , o < 7 <  or 

o~ - ~ o,~ ' ~ - ~ )  ~' = ~ ) ,  

~, = ~ = ~ = 7~ (-r = rL / r . ) ,  
o,1 = % (~) (~ > O, ~ = 0 ) ,  
e,. = ~o2 (T > 0, ~ ~ t), 
(02 = ((%)~=" 1 ( T > 0 ,  0 <  ~ < 1 ) ,  

We i n t r o d u c e  t h e  new f u n c t i o n  

(1.5) 

(1.6) 

(1.7) 

o =  o-v~. (1.8) 

F o r  t h i s  f u n c t i o n ,  Eqs .  (1.6) and  c o n d i t i o n s  (1.7) h a v e  t he  f o r m  

OB1 . ~  
0r + + $ --~ a (02 --  02), O, = O~ (~, ~), 

wl 002 0O~ b / 093 

0 ( ) 
0r -- ~ •} ~ , 0~----0~(v, ~, ~), (1.9) 

0 , = 0 2 = 0 3 = 0  ('~ = O, 0 < ~ ~< 1, 0 < n < co), 
O~ = c% (T) (~ > O, ~ = 0), 
01=02  ( ~ > 0 ,  ~ = t ) ,  
02 = (02)~= 1 (~ > O, 0 < ~ -.< 1), 
03,0 (~>0, ,1 -- o0). (i. i0) 

2. We apply the one-dimensional Laplace-Karlson transformation with respect to the variable T to Eqs. (1.9) and 
conditions (1.10). The transform of the function 0, which results from transformation with respect to the variable ~, 
we term | i.e., 

co 

0(p, ~, ' l ) = P ~  e-P~O (~, ~. ,1) d~. (2.1) 
0 

As a r e s u l t  of t h e  t r a n s f o r m a t i o n ,  we o b t a i n  

dOx 
pO, + -~- + ~ ---- a (02--  0~)~ O, = O~ (p, ~), O~ = O~ (p, ~), 

dO2 laO.'~ ( , ~ , ~ )  

o ( O0~h 
pea = ~-~-q-~ \'l--g~-). e3=O~(p, ~, '9 ,  (2.2) 

�9 0~-----~o ( ~ = 0 ) ,  O , = O 2  ( ~ = t ) ,  (2 .3 )  

0 8 - ~ 0  (~-~o<), o2=(0~)~=~ ( o < ~ < t ) ,  

w h e r e  ~0 i s  t h e  t r a n s f o r m  of f u n c t i o n  w0(r). 

The  s o l u t i o n  of t h e  l a s t  e q u a t i o n  in  (2 .2) ,  w h i c h  s a t i s f i e s  t h e  c o n d i t i o n  a t  i n f i n i t y ,  h a s  t h e  f o r m  
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0~ = ea (p, ~)~_Ko'(V p I o:.q), (2.4) 

w h e r e  (~(p, ~) i s  an  u n k n o w n  f u n c t i o n  of p and  ~ d e t e r m i n e d  f r o m  t h e  c o n d i t i o n  fo r  ~/ = 1. 

f o l l o w i n g  c h a i n  of e q u a l i t i e s  i s  v a l i d :  

( oo.~ 

= -- ] /p7~ l  (p, a) (e~)~,=l = --  lrp--7~! (p, :)  O~, 

/ (P' ~ ) -  sio(1/~-7-~) 

w h e r e  K0(x) and  Ki(x) a r e  M a c D o n a l d  f u n c t i o n s  w i t h  t h e  s u b s c r i p t s  z e r o  and  un i ty .  

It c a n  b e  r e a d i l y  s e e n  t h a t  t h e  

(2.5) 

We s u b s t i t u t e  t h e  l a s t  l i n k  of t he  c h a i n  in to  t h e  s e c o n d  e q u a t i o n  of s y s t e m  (2.2).  As  a r e s u l t ,  we o b t a i n  a s y s t e m  
of e q u a t i o n s  f o r  d e t e r m i n i n g  t h e  t e m p e r a t u r e  of t he  l i q u i d  in  t h e  c e n t r a l  and  a n n u l a r  p i p e s  : 

d0~ 
p o ~ + - ~ + ~ = ~ ( o ~ - - o ~ ) ,  o~=o~(p, ~), o~=e~(p ,  ~), (2.6) 

dO~ 
upO~ - -  ~ - -  T = a (01 - -  02) - -  ~,b 1/-p]'-~ ] (p, or) 0~., 

O~ = ~0 (~ • 0), O~ = O~ (~ = l). (2.7) 

In a d d i t i o n ,  f r o m  e q u a l i t i e s  (2.4) and  (2.5) ,  we o b t a i n  t h e  f o l l o w i n g  f o r m u l a  f o r  d e t e r m i n i n g  t h e  t r a n s f o r m  of t h e  
t e m p e r a t u r e  in  t h e  so i l  

o , =  o, x~ ( V p / a,)  (2.8) 
Ko ( V - ~ )  " 

It is  no t  d i f f i c u l t  t o  o b t a i n  a s o l u t i o n  of s y s t e m  (2.6) ,  and  t h e n  to d e t e r m i n e  t h e  t r a n s f o r m  of t h e  t e m p e r a t u r e  in  
t h e  so i l  | f r o m  f o r m u l a  (2.8).  T h i s  s o l u t i o n  h a s  t h e  f o l l o w i n g  f o r m :  

O1 ~ Ble A'~ -~- B2e A~ -~- A, 

Os = [a -1 (hi + p) + i] Bxe A-'~ -~: [a -1 (Az -~ p) + l] Bze ~.~5 ~_ A (i -~ p/a)  -~- ~ / a, (2.9) 

A = "P~ + i V ~ !  (p, ~) v , M = Z b l V ~ ,  
P(u + ])a-[ uP2-~ - M V--p! (P, ~)(a-{- p) 

A1. 2 = 1/2 [p (u - -  i) + M ] / - p [  (pjZ)] i [~/~ [P (u -- i) + M V 'p l  (p, ~z)] ~ -~- 
+ p (u -~ l)a -~ up ~ -~- M ],'p-] (p, (z) (a -~ p)}V,. 

ff t h e  l i qu id  i s  i n j e c t e d  in to  t h e  c e n t r a l  p ipe  a t  a k n o w n  v a r i a b l e  t e m p e r a t u r e ,  t h e  c o n s t a n t s  of i n t e g r a t i o n  B 1 and  
B 2, d e t e r m i n e d  f r o m  t h e  b o u n d a r y  c o n d i t i o n s ,  h a v e  t h e  f o r m  

Ap + :y - -  (~o + A) (A~ + p) e A~ 
B I ~ - -  e A , ( A ~ + p ) _ _ e i ~ ( A ~ + p  ) B2= - - B I - - ~ o - - A .  

In t h e  c a s e  of c l o s e d - c y c l e  c i r c u l a t i o n ,  w h e n  t h e  t e m p e r a t u r e  of t h e  l i q u i d  f l o w i n g  out  of t h e  a n n u l a r  c l e a r a n c e  i s  
e q u a l  to  t h a t  of t he  i n j e c t e d  l i q u i d ,  t he  c o n s t a n t s  B 1 and  B 2 h a v e  t h e  f o r m  

B1 (T -{- pA) (e A~- t) B2 (T ~- pA) (e;'-'-- i) 
(ha -~- p) (e h'  -- e A~) (A2 -}- p) (e "% --  e A~) 

I n v e r s i o n  of t h e  s o l u t i o n s  o b t a i n e d  w a s  p e r f o r m e d  by t h e  n u m e r i c a l  m e t h o d  of [3], by  w h i c h  i n v e r s e  1 : r a n s f o r m  is  
s o u g h t  as  a s e r i e s  in  L e g e n d r e  p o l y n o m i a l s :  

O 9  

O =  ~, cnP2~(X ), X = e  ~ (2.10) 
n ~ O  

In o r d e r  to  d e t e r m i n e  t h e  s e r i e s  c o e f f i c i e n t s ,  one  m u s t  know t h e  v a l u e s  of t he  t r a n s f o r m  | a t  t h e  e q u i d i s t a n t  
p o i n t s  p = (2n + 1)a. 

H e r e  cr i s  a p o s i t i v e  n u m b e r ,  and  n = 0,  1, 2 . . . . .  The  s e l e c t i o n  of t h e  v a l u e  f o r  a d e p e n d s  on t h e  t i m e  i n t e r v a l  
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within which the value of the i nve r se  t r a n s f o r m  of 0 must  be computed. 
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Fig. 4 

The coeff ic ients  c n a re  de t e rmined  f r o m  a sys t em of a lgebra ic  equations given in [3]. Making use of this method 
and of the t r a n s f o r m s  @1, | and | obtained, we calcula ted the t e m p e r a t u r e  of the l iquid at s e v e r a l  points of the 
boreho le  and soi l  for  va r ious  t i m e s ,  both for  constant t e m p e r a t u r e  of the injected l iquid and for  c l o s e d - c i r c u i t  
c i rculat ion.  

The ca lcula t ions  w e r e  p e r f o r m e d  for  the following values  of the quant i t ies  which define the heat t r a n s f e r  
conditions : 

c = i k c a l / k g - ~  p = t03 k g / m  3 x~ = 0.53 k c a l / m -  ~ C-hr ,  

~8 = 2 �9 t0 -8 m 2 hr  ~ = i  Kca l /}n -~  Q = 30 l i t e r / s e c ,  

L =  t500m, R, =2.5", / t = 4 - .  

The coeff ic ient  k of heat t r a n s f e r  between the l iquid moving in the cent ra l  pipe and that in the annular  c l ea rance  
was assumed to be constant and equal to 103 k c a l / m  2 �9 ~ C.  hr. In the f i r s t  case  under  cons idera t ion ,  we assumed that 
T O =9 ~  F =0.032 ~  and T, =25 ~  and in the second case  that F =0.041 ~  a n d T .  =11.5 ~ The value  of 

was set  as 0.02. 

The se lec t ion  of the va lues  in (2.11) was not a r b i t r a r y ,  but cor responded  to the conditions of an exper iment  
a imed at de t e rmin ing  the cooling of the bot tom of the borehole .  In this exper iment ,  the t e m p e r a t u r e  of the liquid was 
m e a s u r e d  at the inlet  and at the bottom of the bo rehe le  into which a l iquid with a t e m p e r a t u r e  T o = 9 ~ C was injected 
through the cen t ra l  pipe. 
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Fig. 5 

For  the in ject ion of a l iquid of constant t e m p e r a t u r e  To, the resu l t s  of numer ica l  invers ion  with subsequent  
t r ans i t ion  to d imens ional  va lues  w e r e  used as a bas is  to plot the t e m p e r a t u r e  of the l iquid (T ~ C) against  the t ime  
(t, in hr) at va r ious  points of the cen t ra l  pipe (Fig. 1) and the annular c l ea rance  (Fig. 2). The d is tance  of a point 

f r o m  the boreho le  inlet  (in m) is  indicated at each curve.  
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Figure  3 shows a plot of the soi l  t empe ra tu r e  against  t ime  (T O = const),  f rom which it may" be seen  that heating 
of the soil is ve ry  slow (over a th ickness  of roughly four radi i  in the course  of 20 hr). 

For  the case of c losed-c i r cu i t  c i rcu la t ion ,  the t i m e - v a r i a t i o n  of the liquid at the bottom 1 and the inlet  2 of the 
borehole  is shown in Fig. 4. The curves  reveal  the rapid t e m p e r a t u r e  compensat ion in the c i rcu la t ing  liquid. 

In Fig. 5, the temperature of the liquid at the bottom and inlet of the borehole is plotted against time for various 

values of the heat transfer coefficient k. The curves numbered 1, 2, 3, and 4 correspond to the following values of k: 

10 3 , 2.10 3 , 3-10 3 , and4.10 3kcal/m 2.~ 

The plots obtained indicate that the heat transfer coefficient has a greater effect on the temperature of the liquid 

at the bottom than at the inlet of the borehole (the temperature curves at the inlet almost overlap). In addition, Fig. 5 

shows (dashed line) the temperature variation curve of the liquid at the bottom of the borehole, plotted from the 

formulas proposed in [2] for a heat transfer coefficient k = 2 o 10 3 kcal/m 2 �9 o C- hr. The circles in Fig. 5 refer to the 

temperatures of the liquid at the inlet and the bottom of the borehele that were measured in the experiment mentioned 

above. The experimental and theoretical results for k = 2 �9 10 3 kcal/m 2" ~ C ~ hr are in good agreement. 

The resu l t s  of the ana lys i s  show that,  owing to the substant ia l  var ia t ions  of the l iquid t e m p e r a t u r e  over la rge  
t ime  in te rva l s ,  one may not use  the assumpt ion  of a s ta t ionary  na ture  of the heat t r a n s f e r  [1] in  the solut ion of the 
p rob lem under  considerat ion.  

The exper imenta l  and theore t ica l  r e su l t s  a re  in sa t i s fac tory  agreement  even for a constant  value of the heat 
t r a n s f e r  coefficient. 

The curves  indicate that the fo rmulas  in [2], obtained by the method of success ive  s t eady-s ta te  shifts a re  well  
suited for calculat ing the t e m p e r a t u r e  of the liquid. For  the value of a selected,  the number  of t e r m s  re ta ined  in the 
s e r i e s  (2.10) to ensure  the accuracy  des i red  var ied  f rom four to six, depending on the value of ~. 

Calculation of the s e r i e s  coefficients f rom the fo rmulas  proposed in [3] does not involve any ma jo r  diff icul t ies ,  
and can be per formed  on a RheinmetM1 computer.  
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